j' cf(x)dx =¢ J'f(x) dx

jkdx=kx+c
J"x"dx= :_":1] +C (n#-1)
j'e"dx=e‘+C

jsinxdx = —cosx + C

jseczxdx=tanx+ C

Isecxtauxd’x= secx + C

1
j‘ dx=tan"'x + C
X+ 1

jsinhxdx=coshx +C

f[f(X) + g(x)]dx = J. f(x)dx + jg(x) dx

1
[~dx=m|x| +
x

x

J'b*dx= LA

Inb

j.cosxdx=sinx+ C

Icsc%\:dx = —cotx+ C

_fcscxcotxdx= —cscx + C

——

J‘ ! dx =sin"'x + C
V1 —x?

j.coshxdx= sinhx + C

EXAMPLE 1 Find the general indefinite integral

!j (10x* — 2 sec) dx

SOLUTION Using our convention and Table 1, we have

j (10x* — 2 sec’x) dx =‘.1-0 I xtdx —=2J‘ secix dx

x5
= 10?—2mnx+C

=2x% = 2tanx + C g/

You should check this answer by differentiating it.

EXAMPLE 2 Evaluate J'

cos 6
sin’

de a
© Satad \SigfSno
SOLUTION This indefinite integral isn’t immediately apparent in Table 1, so we u

Cos® %9

=Ghe- L
Swe

trigonometric identities to rewrite the function before integrating:

)
m'.f(mco

sin’0

fcosed9=f( 1 )(cose)d6 3(“'9‘(60(0

sin 0 sin 0

=IcschotGd9= —cscb + C

The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, ], then

[ dx = Fo) - Fl@

where F is any antiderivative of f, that is, a function such that F' = f.

EXAMPLE 3 Evaluate [ (x* - 6x)dx*-$

A %\

- 1":,,. 'l‘f)_(o«o

- -k*5




242 /5
} EXAMPLE 5 Evaluatcr% +“1 =L

S L O
o v
=2 4+ §%. R

e
* ne ‘\:-'L

S(zﬂ"‘ k= 2 by ___n_’c
= 21:*.5*3'1 \

n R

7'—\(

‘\:*L

TEXAMFLE 5 Evaluate the integral j‘l‘ etdr.

— Q.)‘ “5: )

e ~e

{

b

EXAMPLE 7 Bvaluate [* . = ‘q\y.\

“\"\c\\s\n{

=lal-\p

3

-'\l\%

~h2 .

21-46 Evaluate the integral.

21. J‘jz (x? — 3) dx
23. ﬁz (3t + 3> — ) ar
24. 7 (1 + 6w — 10w*) dw

25. J’: (2x — 3)(@dx? + 1) dx

@ j” (5¢* + 3 sin x) dx
-y J‘ (4 + 6u)

31. jo x(Vx + Yx)dx

2 f x 2
33. J.. (5—;) dx

3s. J"’ (x'° + 10%) dx

=a 1 + cos’@
37.
j'  cos’®

22, J-]Z (4x® — 3x? + 2x) dx

26. (' 11— 02ar

2 (1 4
28 .‘; (x_?‘_ F)dx

34. j"o’ (5x — 5%) dx

36. _[ﬂ”" secO tan0 d0
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Y=Sier
- S-_' = L I R e
= Cosx
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EXAMPLES8 Evalu u‘L o sﬂ & ?"S

i - 8\’ \ -?" J"'S*’(
S L \ 2y |y

g by | 579X
- 4 | u=3-5%
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S \h"\ e FREER

-l .ﬂ-s)aouq\;\.w 2A7I’
: S w*S‘L“"“\“X ‘""7!-‘5 24409
PR P L RUL I
" v S
;‘l (‘-7#\'431.\ S (Ilﬂ\dxs ----- 1
(5
L= \n
EXAMPLE Calculate [ '“T" ‘ X
’ 30:7\3)\
- S U-dv X=\zy=lals O
°© - |
gt L eV
L% 2

87. If £ is continuous and [ /() dx = 10, find (20 dx. S..‘ Fudn= 10
:lh‘l: Pewtes 10
Vwa2d% °
S F(tﬂux .\._‘ Bkﬂwl)w: 0
=z | )
.‘_3 Flu)dy ¥=0 Hu=0
x..‘t-.w-,l.
o
\-—z. |°L5 N

88, I f is continuous and Ef(x}dx = 4, find L’ xf(x*) dx. ( cx ¢‘ c fs‘)




We abbreviate the name of this theorem The Fundamental Theorem of Calculus, Part 1 If f is continuous on [a, b, then
as FTCI. In words, it says that the the function g defined by
derivative of a definite integral with

respect o its upper limit is the inte- glx) = J md‘! asx<h

grand evaluated at the upper limit.
is conti on [a, b] and dift iable on (a, b), d @

Let f(z) = x + 1. For any z, let F(z) denote the area of the region under the graph of f

from 0 to z: &
Fu)= S [T\

y ° P'Li=yyl =€
' % . el =
*‘Q 21_ :NQQ s zf’(x):;r+1 ‘1
LD (R e 4o
Finchons | g Hai=t
™% o N * :

This region is composed of a triangle atop a rectangle, so we can use the familiar area
formulas to find that F(1) = 3/2, F(2) = 4, and in general
F(z) = area of triangle + area of rectangle
=1zt ta.
Of interest to us here is the observation that the derivative of this area function is equal to
the original function:
Fl(z)=z+1= f(z).

Example: Find F ‘() if

. ' L
woofee APz

Solution: Since f(t) = e!” is a continuous function, the
Fundamental Theorem of Calculus 1 tells us we can replace ¢ by = in
F(t) to get

F'(z) = e

Example: Find G ‘() if

G(:c)=jmje"dt. p Cine Q,g.)l'.
Y L
Hel= 53 et )M Cloe e
\'\‘(ula cv"’ \-\‘to\'.c";“\ \
ch):a(w) WO = e et
)
Ol )
G xl= H (,»)./Lx _ Cxt‘-'l" Ve

Ouler (R
dusidhior Vi




‘A( eo ?to \:\C“\

Figure 12 shows this approximation for n = 2, 4, 8, and 12. Notice that this approxi-
mation appears to become better and better as the number of strips increases, that is, as
n — . Therefore we define the arca A of the region § in the following way.

¥ ¥ ¥ ¥

Ny

LI| a .r,‘M‘x U| a x X ox box D| a b x 0 u‘.‘\ b ox
=1

" (byn=4 cln=8§ (dyn=12

FIGURE 12

P O 4 Pl BA .-

[Z\ Definition The area A of the region S that lies under the graph of the contin-
uous function f is the limit of the sum of the areas of approximating rectangles:

A= lim R, = Tim [ £(x) Ax + f(x2) Ax + -+ + f(x,) Ax]

EJ [Definition of a Definite Integral If  is a function defined fora = x = b,
we divide the interval |a, B| into n subintervals of equal width Ax = (b — a)/n.
We let xp (= al, x1. X1, .. .. % (= B) be the endpoints of these subintervals and we
let 7, x7, ..., xF be any sample polnts in these subintervals, 50 7 lies in the ith
subinterval |z, , 1, . Then the definite integral of f from o to b is

[*fx)dx = tim 3 £ix?) Ax

sample points, If it does exist, we say thdt (i3 in on |a, &

provided that this limit exists and gi\l&;\r same falue for all possible choices of

icmms‘«\

Liemare-Bum

\/\’/ in} cst\*"wq

0o an\




EXAMPLE 6 Find the area under the parabola y = x” from O'to 1.

' 3
Aeea= S )g‘" aw = X
° 3

oaxas5 3 |xl= X
“Faxa-3 ) al=-%

Sekae o\l = x

en- Calcdete '\'\s‘o oo uner 5: -x| 04x2\-
h) S cxdx= - AY ‘|
y S

L) 9 °

34. The graph of g consists of two straight lines and a semi-
circle. Use it to evaluate each integral.

@ [[oax  ® [[gwdx  © | 9@ dx

(L = ~17T]

S.SW& —i\ ‘\ -n- 2
=24 , ¢
-.) ‘ -i ‘;3; y=g(x) - 'ut'l

,*‘H"— 33_.. .I&g“
0 4 § fpiigx c'-a‘(l:{"
RN /
) ? 38 b *
5. 39 So 9% ¢ (goxy § gay
~ L, v
NNV “
4+ a7 5
-~ 9
2= v
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THEOREM 4.10 Mean Value H

the closed interval [a, b] such that

b
f Jx) dx = flc)(b — a).

heorem for Integrals

If fis continuous on the closed interval [a. b]. then there exists a number ¢ in
—

Sf©)

Mean value rectangle:

b
fle)b —a) = f flx) dx

e fene T

EXAMPLE 2 SinceCn) = 1 + 129 continuous on the interval [ ~1, 2] the Mean

Value Theorem for Integrals says there is a number ¢ in [~

w
[ eonz €catheq
(=Y

* =~ (lac*). 2
.S’w»’\ *()

1, 2] such that

fonotext

5= 14c?

b= 30a2) = 142
P |
Fle)=lac >
¢:""|l e 2. =)
‘((\: 1 =1+ x’
-z 1 Vi
[-12) r
Fave — 2




Definition of the Average Value of a Function on an Interval
If fis integrable on the closed interval [a. b]. then the average value of f on the
interval is

l b
bTJ‘ f(X) dx. =. k v O,t See Figure 4.32.
@Ja Nalve

ia

NN

gt-dxg. t-_g\:) (.L_.‘).

Find the average value of f(x) = 3x2 — 2x on the interval
[1, 4].

ab
Ve = 8t Gy
- 9 ) 1 L‘xg—’xl) %"f
- |
-4 b -16)- -1
- (b

T avasse kré.omdsc fonckiong



You can see from Figure 1 that the sine function y = sin x is
not one-to-one (use the Horizontal Line Test).

L AR
g:gr;?gmcg?n f(x) = sin )i,—]f/ZS).(SJ'IfZ is one-to-one V! ( 9% = &
+ Fr—h
. -',. e_.\
Sinx, t-‘luv'ﬂ -\Y,-\,ul G
-\
BreSiax = 847 o) 2 [.\.\’) - I’ WI‘I,W\I]

Figue 2

-verse Trigonometric Functions and Their Derivatives

The inverse function of this restricted sine function f exists
and is denoted by sin~" or arcsin. It is called the inverse sine
function or the arcsine function.

Since the definition of an inverse function says that

Erzy = fy=x

we have

]y

. . T
sinTx=y & Sm‘=x and fTSyS

Thus, if =1 < x <1, sin"'x is the number between —n/2 and /2

whose sine is x.
4

Evaluate (a) sin-'(!) and (b) tan(arcsin }).

Q)53 (L) S

Sing= - 1l L)(L.ﬂl?-
53 /

=30’ = ‘J;;

) e =twnig o /|
M%“‘“'& EL
\

Sxe, 3 Pyih g



. =g ar a
sin”'(sin x) = x for—?ﬂxéj

sin(sin"'x) =x for—-1s=x=<1

Let y = sin~'x. Then sin y = x and -n/2 < y < /2.

2):. S'm_‘u.\ =)\ 4y - f)

¢ PO
Sif\&‘)—_ %o ”

%Q‘ﬂ-««\k\\(

c“ﬁ'?f = 1 = 5::

(053 - Nty
A’ Lm* xq'-:. \
4 .&K = ey
L ‘ L= \/iez
\

ﬂ\-xl
|
S DX T Geedion & -

\ \

I-al




4.5 Derlvatlves of Inverse
Trigonometric Functions

° (page261-267) ian of
iI:ein" x]— :
dxt

= e %I:sixf1 u] = ﬁ@ x‘..¢&

iI:c:m" r]= -

det h: 1—u®
d 5 1

%[‘anrlx]:l:x’ \ a[tan 'u]=l+“ u

d J | d E
i[csc IJ’]=_|.\'|Jx:_—I ;[csc 'u]:—
i[sec" x]= -
b R

1 ,
u
[ee] e =1

%[sec"u]=WJ]’:l~u'
b | -
%[col"x]=~ - 5 %[cm" u]: l+lu u

l+x

Arues st wa vess

dillﬁ(un'l(x)]l = U‘
e et

- ¢ - U‘
E \M‘\ ’T
l+al

by

I-o l\.‘ w)- (\ﬂ")

\ Uz accheny
Q*&).M V‘)" bu X

[4x>
s \(\\h‘.\,co\,: ‘(\ \O’q\q‘.\&&

%[cos"u]:— I‘ u "MC‘



sin"(;u:l)'/l—_xi dk Yo
\
_\I dv = \n\u\.\ -
‘/\n\ﬁm-t*\
Navbdime - (.4




The area A of the region bounded by the curves y = f(x),y = g(x), and the
lines x = @, x = b, where f and g are continuous and f(x) = g(x) for all x in

[a, B].is
= 'L — g(0)ax

o &
Find the area of the region bounded above by y = e*,
bounded below by y = x, and bounded on the sides by

x=0and x=1.

Solution:
The region is shown in Figure 4. »
The upper boundary curve

is y = e*and the lower boundary
curve is y = x.

Sc-\-uP inkegqial ( cb\u)ﬁg - e

S ke. X\ aXx . \ ()
Ao e*_ 3= \ = Y— a""i‘l‘i"o"’
2z o a

EXAMPLE 2 Find the area of the region enclosed by the parabolas y=x"and
y=2-x%

S"‘ -p the inde 36;\
S%‘“"“) (x‘).\ Ix

‘L)l.—x‘\.—x
S ‘Q%—‘Lx‘) 3\
O 2‘.!-\(&) a~_
- Br-n = )\ |9&":-‘*
S (.¥~x“-\d& u %Q, > v

A 21'{[—:\)30
Aveon 2 [ 2 x‘}\‘ o %o |

2\ G ‘\&oo\\

-2 \ o
X

. ‘ -
b
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Find the area of the region bounded by the curves y = sin x,
y=cos x,x=0,and x = 7/2.

Solution:

The points of intersection occur when sin x = cos x, that is,

when x = /4 (since 0 < x < 7x/2). The region is sketched in

Figure 12. Observe that cos x = sin x when 0 < x < #/4 but S 4o .
sin x > cos x when z/4 < x < z/2. ||. ”

g ((»X-'s‘“\"X

.u ( Sia X-W\Jx

S inya Cos %
s ‘lq}b:"

Areg = Sty 4wy Ty Uy
o \Tv
Je 7

[Q‘“l“‘xﬂ) (S.n.u‘ ,\ ]
+ [(-uﬂu«&« Ta) - \- ““lh-s“\?lu]

0 A dilv J2f
— 2\

. Find the area between the two curves

a. f(x)=4x—x%and g(x)=x" —6x+8
b, f(x)=2x+x"—x*and g(x)=0

Y)

gy e (37«6&0)

x“"“*&%-w-
Tx_lox At=0p

(Y- 4
X é‘)(v"v\\ =D

,‘A] X T S [u ..m-l-\"&

- (g&ct«") Colulete
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EXAMPLE 7 Find the arca enclosed by the line y = x — 1 and the parabola
Y =2x+6.
Yeb=2%
y2
FT3=w

-4
<L kﬂ-!; -('l‘\c\ﬂ

Sed-vp: -S:'- E’wﬂe\ﬂ
l'-i

< (ﬁmcésc )

31._‘ x4 b
Y= \J1rat Loy
If you want to g ,K‘ Mab - (’»"\]’/
integrate for x =
o

19
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Definition of Volume Let § be a solid that lies between x = @ and x = b. If the
cross-sectional area of S in the plane P., through x and perpendicular to the x-axis,
is A(x). where A is a continuous function, Iher_l the volume of § is

V= lim ﬁ', Alxf)Ax = rA(.r) dx
s o

EXAMPLE 2.1

Computing Volume from Cross-Sectional Areas

The Pyramid Arcna in Memphis (pictured in the mangin) has  square base of side
® approximasely 600 feet and s height of spprosimaicly S2ct. Find the volume of the

pyramid with these measurements

Selution To use (2.1), we need to have a formula for the cross-sectional area. The
square horizontal cross sections of the pyramid make this easy, but we need a formula
for the size of the square at cach height. Orient the x-axis upward through the point at the
1op of the pyramid. At x = 0, the cross section is a square of side 600 foet. At x = 320,
the cross section can be thought of as a square of side 0 feet, If f(x) represents the side

The Pyramid Arens in Mempbis

Ataex
Cex
Ft}\-\s.h Lengh

S
J\~Mb

~
F(‘no) -
7

Lo ko0, ( 31.0,0)

Reelanguiar
Pyramid

We can calculate the volume by
this formula. Give it a shot 1l

Th:‘bwdlhslinium-:u_]-

|er = |s 1I

O s « bnear punchion

Ve '.SW (_ \%;..uv da
5

15

1, e,

L:-

Ah-:—\s )
Tix

38,400,000 1"

length of the square cross section at beight x, we know that f(0) = 600, f(320) = 0
and fix)is a linear fanction. (Think about this: the sides of the pyramid do not curve.)
0

we hrinmdmmms

Since this is the length of a side of a square, the cross-sectional area is simply the square
). we have

guu Quantity. Then
v )

‘. o'knc-'w\

ﬁ&-ﬂoo

~ (Cm:.\.)

V= S%\}’\

V= ‘—3 400,000 320> Y Loo-wed

© The Methed of Disks

Suppose that £ (x) = 0 andf is continuous on the interval [a, b]. Take the region huun-kdhy

the curve y = f (x) and the x
a solid (see Fi

fora = x = b, and revolve it about the
5,160 and 5. 16b). We can find the volume of this solid by slicing it

5. penermting

cross section is

disk of radius

FIGURE S.16a
y=flxy=0

Circular cross
sections.

FIGURE 5.16b
Solid of revolution

2.2y

V= §AeIex
= §me™ax

Since the cross sections of such a solid of revolution are all disks, we refer 1o this method

of finding volume as the method of disks.



EXAMPLE 2 Find the volume of the solid obtained by rotating about the x-axis th
region under the curve y = Vx from 0 to 1. Illustrate the definition of volume by
sketching a typical approximating cylinder.

EXAMPLE 3 Find the volume of the solid obtained by rotating the region bounded by
vy =x’,y = 8,and x = 0 about the y-axis.




EXAMPLE 2.6 Computing Volumes of Solids with and without Cavities |
Let R be the region bounded by the graphs d

volume of the sol by revolying R aboUTTRT The y-axis,
line y = 2. 1; %3’ .

w-’ Solution n R is shown in Figure 5.20a and the solid formed by revolving
it about the y-¢ hcvw in Figw uszubNun that this part of the problem is
W mmilarln::mmpl 25 J
-
b= , o) M c Y

FIGURE 5.20a FIGURE 5.20b

x= iy Solid of revolution bl ﬁ-’ 2
From (2.3), the volume is given by % ‘
°

1 N 4
V= ay) dy = 7’|
Ln(\/y) Iy nzyn@

- Donub (Weethe)
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Ca Tbeg~)
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+ Example 6

Use cylindrical shells to find the volume of the solid obtained by rotating
abou(the x-axis the n:glun under the curve y = 'x from Oto 1. 3-

S“‘“ Sll’j ‘\(‘g\‘ ds 3 .-X : ‘:hel\lhwghfl ¥

Find the volume of the solid obtained by rotating about the
y- axis the reglon bounded by y—x(x 12 and y==0: ¥X- %S

shl: Snx\s eightsd X

N= 2q LA
5 I % Xy

V= 2n j ¥ xal's

\,-m$ A (x “1ralan = 215 Q -1x -t*)“*

- xsx'»x‘s\
zl\s 7_ 's‘

» = 'z.“'- a—TI
S 30
Y- XL%-\\ Xty
ﬁ-‘lul

3- )’v‘, (3
bc’k ‘ 1

N- S(x)@-f( )4y




Find the volume of the solid obtained by rotating y=sin(x?
around the y-axis the region bounded by y = 0.
—

1%
Shell® 2‘*“&&6’(

)

V- 2% f"xsu(ma\
oos) | b= ;l
V=T § Soudu bu2adx
ul
=N 1-«0‘. X = (ermeise)
°
Ssu&u(y")

S‘o’:z T |
v = Cx Py n{ ¢ ibgﬁ
n 'ch’-]" 2 4 LI RN
L/’T §C)oy
STV

Example 7
Find the volume of the solid y-"g/ a and =8 and x—O( \l "3

obtained by rotatlng around x-axis g (xdt-‘ o3 2 ‘
Shell: P L w
\ S LT hegmidy %
S—7

21|S &‘srs.A oo
{

272 3 \ 1‘.
(& )o 11 3 25k 3"’:,@‘0"{

. 25b

\

‘|c

Ve b4 - b

= 2S4M—bL Ty
= Toz7y




Find the volum the solid y=x-x? and y = 0 obtained by

rotating aroun Cshell M\@‘)
Shell:
Robde x: § 2Ty gy ‘
Bldy: (2
S R

Lahde, 4= Szn u""‘"\\ﬁ,ﬁ" {3
el Semgp Fockagle_

’ A\
v=\2 “ .

(1 dbemichen beighb oy

) &5y m\;‘k

V--‘Szy(z.») X3, - Set-w

Quia | - roxizlmas:  Ixlzilpls -

8.5
&)
i

@ Sed-up indegial 40 calided o otes ...
Caltdde oreo. .. . (t«)

Sek-up integrol 10 Calcdete volume \-g disk,
Loe shall) (41,03)

Calidate Wlome . . . Ll) digle Loe 5\'0“)
® s52- Sotdden
inbagedls - S ..... Coleded e
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Case | The denominator Q(x) is a product of distinct
linear factors.

flx) =

This means that we can write
Q(x) = (ax + by)(ax + by) -+~ (ax + by)

where no factor is repeated (and no factor is a constant
multiple of another).

R(x) A A A
= + oot
Q(x) a)x + b a»x + b, ayx + by

EXAMPLE 3 Find r—‘fw where a = 0.
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Case Il Q(x) is a product of linear factors, some of
which are repeated.

Suppose the first linear factor (a.x + b;) is repeated r times;
that is, (a.x + by)" occurs in the factorization of Q(x). Then
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Case lll Q(x) contains irreducible quadratic factors
none of which is repeated

If Q(x) has the factor ax? + bx + ¢, where b? — dac < 0, then

in addition to the partial fractions in Equations 2 and 7, the
expression for R(x)/Q(x) will have a term of the form

Ax + B
(2]

ax’ + bx + ¢

where A and B are constants to be determined
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Case IV Q(x) contains a repeated irreducible quadratic
factor.

If Q(x) has the factor (ax? + bx + c), where b2 —4ac < 0,
then instead of the single partial fraction (9), the sum

@ Ax + B + Aax + B, + Ax + B,
ax’ + bx + ¢ (ax* + bx + ¢)f (ax® + bx + ¢)’

Write out the form of the partigl fraction decomposition of the function
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L'Hospital’s Rule Suppose f and g are differentiable and g'(x) # 0 on an open
interval / that contains a (except possibly at a). Suppose that

lim f)=0 and lim glx) =0
or that lim f() === and  lim g(x) = =
(In other words, we have an indeterminate form of type § or %/2=.) Then _
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if the limit on the right side exists (or is % or —c).
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E] Definition of an Improper Integral of Type 1
(a) If _I"', f(x) dx exists for every number ¢ = a, then

(L

provided this limit exists (&

dx = lim j F(x) dx

4 finite number).

¢ called convergent if the
\ does not exist.

| reas =" peax + [ f ax

In part (c) any real number a can be used (see Exercise 76).
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@ Definition of an Improper Integral of Type 2
(a) If f is continuous on [a, b) and is discontinuous at b, then

frwac- i [reoa gt
e

if this limit exists (as a finite number).
(b) If £ is continuous on (a. »] and is discontinuous at a. then

J:;' fx)dx = ,IL% .[ " flx)dx

if this limit exists (as a finite number).

The improper integral ‘I"',’ f(x) dx is called convergent if the corresponding limit
exists and divergent if the limit does not exist.

(c) If f has a discontinuity at ¢, where @ < ¢ < b, and both [ f() dx and
|7 (x) dx are convergent, then we define
() dv = [ fdx + [ f) dx
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E] The Arc Length Formula If f' is continuous on [a, b], then the length of
the curve vy = f(x),a < x < b, is

L= ["VTFI7QF dr




Find the length of the arc of the semicubical parabola
y2 = x3 between the points (1, 1) and (4, 8). (See Figure 5.)
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Expression Substitution Identity
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Find the area of the surface generated by rotating the curve

y = e, 0<x< 1, about the x-axis. _ "
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Curves Defined by
Parametric Equations

C
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DEFINITION
Suppose x = x(z) and y = y(r) are two functions of a third variable ¢, called the
parameter, that are defined on the same interval I. Then the equations

[x=x( y=y0|

where ¢ is in I are called parametric equations, and the collection of points defined
by

(@) = 6@, y0) |

is called a plane curve.
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13V IZERE Graphing a Plane Curve
Graph the plane curve represented by the parametric equations

x(t)=3 y=2t —-2<1<2

Indicate the orientation of the curve.

Solution Corresponding to each number f, —2 < t < 2, there are a number x and a
number y that are the coordinates of a point (x, ¥) on the curve. We form a table listing
various choices of the parameter 7 and the corresponding values for x and y, as shown
in Table 1.

The motion begins when ¢ = —2 at the point (12, —4) and ends when t = 2 at
the point (12, 4). Figure 2 illustrates the plane curve whose parametric equations are
x(t) = 3¢* and y(r) = 2t. The arrows indicate the orientation of the plane curve for

increasing values of the parameter 7. m TABLE 1
¥ (x. ¥)
—a (12, —4)
-2 G, =2) w”‘
o (0, 0y

-+ 'y
U srr Covar W
(\ 3'--»\ D’t-s"
Xk y=1t
“f

_:* Figure 2 x() = 3r2, y(r) = 2r, —2 = r = 2
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EXAMPLE 5 Sketch the curve with parametric equations x=sin f, y = sin’.
Y= x Y=sinh Sk = X-h=x

SOLUTION Observe that y = (sin 1)* = x” and so the point (x, y) moves on the parabola
y= x2. But note also that, since —1 = sint =< 1, we have —1 = x = 1, so the para-
metric equations represent only the part of the parabola for which —1 = x = 1. Since
sin # is periodic, the point (x, ¥) = (sin 1, sinf) moves back ang forth infiitely often
along the parabola from (—1, 1) to (1, 1). (See Figure 7.) t*‘ks ]
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Describe the motion of an object that moves along a curve so that at time 1 it has
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THEOREM Parametric Equations of a Cycloid
Parametric equations of a cycloid are

|x(t)=a(.r—sin!) y(t) = a(l — cost) —oo<z<oo}

The brachistochrone is the curve of quickest descent. If an object is constrained to
follow some path from a point A to a lower point B (not on the same vertical line) and is
acted on only by gravity, the time needed to make the descent is minimized if the Eam is

Wee Figure 11(b). For example, in sliding packages from a ing
dock onto a ship, a ramp in the shape of an inverted cycloid might be used so the packages
get to the ship in the least amount of time. This discovery, which is attributed to many
famous mathematicians (including Johann Bernoulli and Blaise Pascal), was a significant
step in creating the branch of mathematics known as the caleulus of variations.

(b) Curve of quickest descent

Suppose Q is the lowest point on an inverted cycloid. If several objects placed at
various positions on an inverted cycloid simultaneously begin to slide down the cycloid,
they will reach the point Q at the same time, as indicated in Figure 11(c). This is referred
to as the tautochrone property of the cycloid. It was used by the Dutch mathematician,

(b) All particles reach Q
at the same time

‘0'1‘ ( (\ttuswikh MM&«?Q
- cu«m)

DEFINITION Smooth Curve
Let C denote a plane curve represented by the parametric equations

x=x(t) y=y@) a<t=<bh

Suppose each function x(r) and y(r) is continuous on the closed interval [a, b] and

dx . d
differentiable on the open interval (a, ). If both 5 and ﬁ are continuous and are

never simultaneously 0 on (a, b), then C is called a smooth curve.

Example 10.2.12 Determine where a curve is not smooth
Leta curve C be defined by the parametric equations = £* — 12¢ + 17 and y = £2 — 4t + 8. Determine the points. if
any, whereitis not smooth.

Souriox  We begin by taking derivatives, d 2
-_— 3 =\ ¥
Y -y

'=3-12, y=2-4 .

We set each equal to 0: ‘ 4
) 2'=0=37_12=0=t=42 %t= 2&‘* 2

Y=0=2-4=0=t=2

We consider only the value of £ = 2 since both 2" and 3 must be 0. Thus C is not smooth al £ = 2, comesponding to the Figore 10.29: Graphing the curve in

point (1,4). The curve is graphed in Figure 10.2.9, illustrating the cusp at (1,4). Example 10212 note it is not
smooth ar {1, 4)

If a curve is not smooth at t = to, it means that z'(te) = y'(te) = 0 as defined. This, in turn, means that rate of change
T2 (and y) is 0; that is, at that ins ther z nor y is changing. If the parametric equations describe the path of some
bject, munmsmenbpmsmmum Anmpnnmunmunwmmmm whereas moving
bjects tend to change. “smooth” fashion.
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6 d \
A smooth curve x = x(¢), y = y(r){for which ,;_J: is never 0, be represented

by the rectan;ular equation y = F E.x), where F is differentiable. (You are asked to
prove this in lem 64.) Suppose (x(r), y(z)) is a point on the curve. Then
y=F(x)
y(t) = F(x(1))

Now, we use the Chain Rule to obtain

dy _dy dx
dr  dx dr
Sinoei—': # 0, we have
dy
dy _ ar
dx — dx
dr

Since ;l'_y is the slope of the tangent line to the graph of y = F(x), we have proved the
X

following result.
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THEOREM Slope of the Tangent Line to a Smooth Curve

For a smooth curve C represented by the parametric equations x = x(t), y = y(t),
a <t < b, the slope of the tangent line to C at the point (x, y) is given by

dy

dy _ ar

== § (1)
dt

dx
ided — # 0.
provi = #

* Atanumber ¢ where d—x =0, but % # 0, a smooth curve C has a vertical

tangent line.
—_— d d
¢ Atanumber t where 2 _ 0, but f # 0, a smooth curve C has a horizontal

tangent line. EEE—

(a) Find an equation of the tangent line to the plane curve with parametric equations
x(1) =3¢%, y(t) = 2t, whent = 1.
(b) Find all the points on the plane curve at which the tangent line is vertical.
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UA curve C is defined by the pgrametric equations x = £2, v

y=t-3t

(a) Show that C has two tangents at the point (3, 0) and

find their equations. |
x= 4 b 2 L 3'-’1\‘:-—“_5‘_
(3,0) — 1= ") g_p 1} 03} (t‘-ﬂ"o

*Y
\;é }--53,T%

The areehh ccosses idself— ot (2°) -
b P MLX-—*O) , (%Oa‘ﬁo\>(’$.0)
d_ Gy 33n

- é¢"3 t: -0
— . Ee b =2
SLPE = —2_FI= ‘%_Ti SLofE= ot -y
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(b) Find the pomts on C where the tangent is horizontal or
vertical. *-
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(c) Determine where the curve is concave upward or
downward.




(d) Sketch the curve.
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Find the area under one arch of the cycloid

o[- =9 %= (lo-Bn0)

X=r(¢-sin 8
- C
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Find the length of one arch of the cycloid x = r(é— sin &),

y=r1-cos6).  oLseeT. N .
2_ el tatusatae
*‘: f(\-(“.) A &‘\ = (‘:.‘3:‘ =f ( )

Yarsme 3 f')atads. etk

L= NM\WH-? e
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‘1 L Surface Area Generated by a Parametric Curve

Recall the problem of finding the srface area of a volume of revolusion. In Curve Length and Surface Area, we
derived a formula for finding the surface aren of a volume generated by a function y = fix) fom ¥ =a 10 x=b,

revlved around the x-axis:

i (82)

We tow comider a vohme of mwhuion ied by am.g.p..mmn,admﬂm
l;llfl._n:_\(lhuslsbalmudlhxumasslnw\ lnllmnng!

| S N\ Ve

J

Figure 7.25 A surface of revolation generaied by a
paramesrically defined curve.

The analogous formula for  parameilly defined curve is
— (]
$=2 e (0F +1 (07de

peovided that () is nck egative cn . bl

THEOREM Surface Area of a Solid of Revolution

The surface area S of a solid of revolution generated by revolving the smooth curve C
represented by x = x(1), y = y(t),a <t < b, where y(r) > 0, about the x-axis is

b 2 2
S=211'[ y(t) (i—f) + (i—f) dt 10))

THEOREM Surface Area of a Solid of Revolution

The surface area S of a solid of revolution generated by revolving the smooth curve C
represented by x = x(¢), y = y(t), a <t < b, where x = x(1) > 0, about the
y-axis is

b
S=Zn'[ x(t)
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If P= O, then r= 6 and we agree that (0, &) represents the

pgyr any value of 6. e @ L.“’):_Lf'm.')

e R
& ®

Figure 2

Plot the points whose polar coordinates are given.
(a) %‘I 5m’4) (b) (2 37: (c)% —2m’3) (d) (=3, 37/4) (“Q)
.ot L
(L

Solution: ( 3. ﬂ Q)

The pomts are plotted in Figure 3. (

3.3'“(‘ l
"\'Ns(!,t}fu) e @)

Figure 3




Next TIM E)

In fact, since a complete counterclockwise rotation is given
by an angle 2z, the point represented by polar coordinates
(r, 6) is also represented by

(r, 6+ 2nx) and (-r, 6+ (2n+ 1)7)

where n is any integer.



P(r,8) =P(x,y) Po\cc Yo fem \-.Ay\oe
Cho)is qiven - l'tsg)-.q.

d ¥z e
0 5%( Sin®
0 cosa;% x (x.‘s\,s given:, (‘;.‘8').
Smg= B T Ty

‘:W r ’l‘ﬂ?:.%-\ = 3:0‘“"(.";)

Convert the point (2, 7/3) from polar to Cartesian
coordinates. (€, @)

Y= (Cos® = 2 CGosTLY :?I-'y'. L
Y= r Sine = 2-SiaTly -,z“'%_.ri
“
@
s L)

! X

= (1,§3)

Represent the point with Cartesian coordinates (1, —1) in
terms of polar coordinates. (“‘)

(= \l ¥°§'3L=\} aait =32
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Example 5: Convert the rectangular equation x* + y* = 100 into a polar equation that expresses
in terms of 6.

K= ¢ Casm (*¢ede 41 'S0 02190
~rsee 12 ( Lo’ s5:To) = 10D
|

Solution:

Substitute x and y with their polar equivalent

x=rcos Band y=rsin @ m
(21004

4y =100

(reosB)* + (rsin B ) =100

Solve for r
r cos” 0+ 1 sin® 0 = 100

1 (cos” 0+ sin® 0) = 100 factor common term r°
ri (1)=100 apply Pythagorean identity cos” 0 + sin” 0 = 1

SR
= ~10 v




Example 6: Convert the polar equation 4r cos 0 + 1 sin § = 8 into a rectangular equation that
expresses v in terms of x. N T

Solution:

Substitute r cos B and r sin 8 with their rectangular equivalents

dreosB+rsinf=8 & t
40+ () =8 34'57-
Salve for y

s Yz k¥l
Line | s\opez-1L -

The graph of a polar equation r= f(8), or more generally
F(r, 8) = 0, consists of all points P that have at least one
polar representation (r, ) whose coordinates satisfy the
equation.

A Y
Bessc Brathain rackemgier
Identity: y= x Absolute Value: = v Square: y = x Square Root: y= /¥
% 3
ol A4 | »” g
Cube: y = x* Cube Root: = ¥x ! ; yu
S ren Ratpeost 7o | squaeof Peceeaals =

ZWhHELY ALE QAS\C BPA RS
I0 PoLA

12500 Y Identifying and Graphing a Polar Eq

Identify and graph each equation:

(@ r=3 (h]ﬂ:%

Solution (a) If r is fixed at 3 and & is allowed to vary, the graph is a circle with its
center at the pole and radius 3, as shown in Figure 39. To confirm this, we convert the
polar equation r = 3 to a rectangular equation.

“ % r=3

- r=9 Square both sides.
%{.-3$ AEP =9  Paxiyy

(b) If @ is fixed at % and r is allowed to vary, the result is a line containing the pole,

Figure39 r =3orx?+y?=9.

making an angle of % with the polar axis. That is, the graph of & = % isaline containing

the pole with slope tané = tan JZ( = 1, as shown in Figure 40. To confirm this, we convert

the polar equation to a rectangular equation.
g™ P T‘“‘
T4
tané =nm]zr h’ ,M“.
Y =1 “ ‘
Figure 400 =T ory= . P ;.— .

In general, the equationr=a
represents a circle with center
O and radius |a|.



(@)

rsin =2

rcosd =@~

Snlitian (a1 Here hol

VM\&Q 0
"\“0 f“.s!“
Vaedied Ln o

4 Swtig
€ scrncle, §Yaki

3

=72 \-\«\u*\

2

S 1‘,‘ lne
S, ———
a- *x

{

r=acosf,a>0
(@)

r=acosf, a<0
()

r=asind,a>0
©

r=asing,a<0
(d)

Some of the formulas that produce the graph of a circle in polar coordinates are given by r = acos@ and r = asin @, where aist

diameter of the circle or the distance from the pole to the farthest point on the circumference. The radius is t or one-half the dia

eter. For r = a cos @, the center is (5z

(2™
LECY TS

(-c
‘%53

*

X

X“-t(g -2

(%Y alg-0)b=c™
Cendert ()},
fedvsep )

(= lgr&-na
1'5-1)-5'm1|- Xtay' = lﬂj
x‘l

.ﬂ) .For r = asin#, the center is (2 , ). Figure 5 shows the graphs of these four circles.

(b) r =dsing

r@ °$-. s“tt!is«&y
6) olina
b} o pwdtela
c) ecicle ﬁ‘ o)
o ticdde ( = "»
Cerheelon)

4) qrone of- aueev

sh r and 6 are allowed to

= 4 Sne.lF

w-

-

k\3 ©
< \!‘-1.\ k=
21.

1)

4 Mvz@,z)
rd“.

TABLE 2

é r=1—sind (rn8)

0 1-0= (1,0

x =11 (l 5)
6 2 12 2" 6

b T

f o 0)
ool ()
6 2 2 2’6

k4 1-0=1 (1,m)

7= .,(,1)=§ (E L")
6 2/ 2 2' 6

3 3

5 1-tn=2 (1,7)
()= (G
6 2 2 26

2T 1-0= (1,2m)

(a) Graph the polar

Solution (a) The polarequation r = 1 —sin® contains sin#, which has the period 2.
We construct Table 2 using common values of # that range from 0 to 2, plot the
points (r, ), and trace out the graph, beginning at the point (1, 0) and ending at the point
(1, 2), as shown in Figure 43(a). Figure 43(b) shows the graph using technology.

a=0
T

NOTE Graphs of polar equations of
the form

r=a(l +cos8) r=a(l+sing)

r=a(l —cos#) r=a(l-sinf)

re called cardioids. A
intains the pole and is
heart-shaped (giving the curve its
name).

equation r =3+ 2co0s6,0 <@ <2m.

e x
TABLE3 2
L] r=3+2cosf (r.0) Y
0 34+2()=5 5.0 37
%’ 142 G) e (4' ’35) 4 NOTE Graphs of polar equations of
x x the form
7 3ne=3 (33)
P | P r=a+bcosé r=a+bsing
3 3+2(_i):2 (2,?) r=a—bcosf r=a—bhbsinf
x 34200=1 (Lm —
wherea > b > 0, are called
4 1 an = 2
3 3+2 (—1) =2 (2‘ 3 ) limagons without an inner loop.
I T A limagon without an inner loop does
5 3+200=3 (3, T) not pass through the pole.
5 A sy sk (4% =
3 3”(1)“ ("3) T ST s
2 342l =5 (5,2m)

3n



=

r=1+2cosé (r,8)
1+2()=3 (3,0)
1 F 4
1+2(E)=2 (%)
1+20) =1 1, %) NOTE Graphs of polar equations of

the form

1+2(_%):|] (02_" R = PRe

3
14+2-1)=-1 (-l,7

|
(D) =0 (o)
)
)

|r=a—bcosh r=a-bsiné

where 0 < a < b, are called
limagons withan inner loop.
Alimagon with an inner loop passes
through the pole twice.

1+20)=1 (1,3—"

B ow{ of wf s wfeewes ol

2
1 Sm £l
1+2(-]=2 2, — ?
ORI CE
1+2(1)=3 (3,2m)
Lemniscates

The last type of polar equation that we will cover here is the lemniscates, which has the shape of
a figure-8 or a propeller. Lemniscates have the general polar equation of:

=a’sin 20 or =4 cos 26, where a7 0
A lemni ining the sine function will be sy: tric to the pole while the lemniscate
containing the cosine function will be symmetric to the polar axis, to 6 = —, and the pole.
r=a’sin 20 r=a’ cos 20

\{oq Wove 4o know o cquations
0F basic aﬂp\\s 0 ?QLQ.Q,

TABLE S

L r = 2eos(26) LX) L] r = 2cos(26) ir.8)

0 Ap=2 2.0

H 1(;) ST (S s z{]z) -1 (L ’;’) NOTE Graphs of polar equations

N . of the form r = a cosinf) or

: 20 =0 (u:) .' 20 =0 (0, :’) r=asin(n®),a > 0, n an integer, are
called roses. If s is an even integer, the

o, (J) = () i ,(,1) " (,L‘ ‘") rose has 2n petals and passes through

3 2 3 3 3 3 the pole dn times. If x is an odd integer,

4 P S ] i) = a3 the rose has # petals and passes

Poaen=a (23) | T aevea (2 z) through the pole 2n times.

2 1 20y | se 1 sn

T () (T (D ()

3 In T T

+ 20 =0 (HT) iy 20 =0 (U‘ T)

st NI e nx AT Aplta (b) r =2cos(26),0 <6< 21

6 )" "6 3 )" T

x Al =2 @7 Al =2 2, 25)

/J) Avmbe
mae o L Cog(50) iy

o cosemwith S Pelds
b) ou... with lopebols

C’ [N s\&
o ciccle
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Tangents to Polar Curves

To find a tangent line to a polar curve r = f(8), we regard 4 _
as a parameter and write its parametric equations as LN Fiao\ E wo ™M

x=rcos §=f(f)cos & y=rsin 8=1(0)sin o — 5\_09‘& .

Then, using the method for finding slopes of parametric — \J e T (‘nm\’l M\'\Q \
curves and the Product Rule, we have .
tonqont Line .

dy dr
— —Sinf@ + rcosé
dy do db

3 dx dx dr ,
S — COS6H — rsinf
db db

(a) For the cardioid r = 1 + sing, find the slope of the
tangent line when 6 = 7/3.

(b) Find the points on the cardioid where the tangent line is
horizontal or vertical.

&)

J %sin6+rc059 COSB S _\,(\.\S'\Q\ (ng
l: :— -
dx 2 cos — rsin - .
Ecos@ sin 6 (05 D — (\"5‘“0\50'\0
\/\ o

1 y 1 - .o 9
- Cos® (’2 SN s\\ i;,s\e/~s.,\ .o

| 2

S

(15\(\‘0 S‘ﬂ) _\s‘ha “ |-1~‘ x

(V-2
- Cov® (’Z.S‘u\e.\\\ (‘*Y\\
(14Sins)(1- 2S00 Cosmyz 1T
SLAPE - (05'\'\\3(25 n 2 +\\ siaTd= =)
(9 iy (\45-..\1\\3\(\-25;@\\3\

. § V(TR a)
>~ 3 7-/3 +t3 z( 5
(l 3 7IX
183 )(I1- 253) 2 AT (- ()
"- £
- 3\ _
- - e - ,_‘, : ~‘ ~\f)
- Q183) (a0
SLOPE - _
L) . el i ————
v cos 0 (1 + 2 sin ) PSS caeas
I T (1 +sind)(1 —2sinf)  [EEEELAE
) e e Ey o B
\ wr [ 5 [ a1 [
-E\O\‘q oakal - Cos®=0 =\ 1‘\1!@ A ARE
\41Sine. O - Tl € ETESEdE =
SQU\Q;_"L N I [ :{}g f :‘i“‘“’:
6’ b b E EI I
\, ) (Q\ . 1aSne - o 2\5."‘0' \ =\ ‘\'\\1 - f o Tl e
LI S0 P -
%o \ Sagoyy, - T, 2
1 \ b b
_ dy , | +2sin6 _ cos 6
lim = l1m . lim .
37/2)~ dx 0—>3#/2)- 1 — 28s1né6 0—03%/2~ 1 + sin 6
:_i lim cos 0 ]
3 60672~ 1 + sin @ D _- g-‘-\‘z . \l e(l :(Q\
1 —sin 6
= —— |im
3 60372 cosf

= o0

By symmetry,
, dy
Iim — = —
03w/t dx




10 4

A=1r20
Q ‘é e OM"&‘_A
(.0 . .
“Is the radius and
angle.
//\\
| / N
&
A
Firmnra 1
1ation to the total area A of % is
~ 3 3LF05)]) A6
tim 31007 20 = [ (0T do
A= ["1r@Fa0
C Ao sceo o+ e ciccle
- 1 ¥= (060 Y:SnD c— O
‘3 o \ ‘LT\
) Lol = %= o “
sxlw AN " ]krSH "9 S 0 &9
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Find the area enclosed by one loop of the four-leaved rose

I = COS 20.

a—

T\

D\we; S

S:i)e Wl

N,

wo = (\.‘ (.m)
2 9

\—

(osze.-__ijsm) ‘-17_3

- Tl e WL

I\
Yy,

l
¢ (°S'ze&e

(32)
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EXAMPLE 2 Find the area of th region that lies inside the circle r = 3 sin f and out-

side the cardioid r = 1 + sin#. |
S\\\‘o S“\L
\
Q (eo~ — ?)S ) 40 - = SLL\SN?‘&O ;
S @5 ta-3 sl (|
| S tlL ‘\\L Wl ot atebaL™ 0| r=1+sin 6
- - S a a FIGURE 5
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Arc Length

To find the length of a polar curve r=f(6), a< é<b, we
regard ¢ as a parameter and write the parametric equations
of the curve as

X =rcos 6= f(6)cos & y=rsin 8=1f(6) sin 8

Using the Product Rule and differentiating with respect to 6,
we obtain

de  dr dy dr
—_—— —— ——=—3inf + rcosf
20 o cosf — rsinf 6 do

(:%) + (j—;) - (%) cost0 — Pt Tib"‘b”g sm:-%— 2 5inf
‘““w)
(I'\‘((-}\Q})< ar ) é
a

(W) sin’# + 2r —’-‘ \lﬂ f) cosf + r’cos’d

: [

o

Coledale orcleagth op Hhecirele T= 2 )
_an CL=2Wc=4Ti
S fara

ARVA YL M ‘5’5 190 =3182bD

Gl“

Sek-vp Fhe tabegrel 4D

Find the length of the cardioid r=1 + sin 4.

Solution: r .-'C '39

The cardioid is shown in Figure 8.

~——

r=1+sing
Figure §
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A sequence can be thought of as a list of numbers written
in a definite order:

The number a, is called the first term, a, is the second
term, and in general a,, is the nth term. We will deal
exclusively with infinite sequences and so each term a,, will
have a successor a,,, 1.

Notice that for every positive integer n there is a
corresponding number a, and so a sequence can be
defined as a function whose domain is the set of positive

Notation: The sequence {a4, a,, a;, . . .} is also denoted by 3

{a} V° or layo, &

Finding the nth Term of a Sequence

Find the nth term of each of the following sequences. Assume that the indicated patterns

continue.
Solution
Sequence nth term (5(“(0\ ‘dd‘\)
(a) e @< = 10,2,
[ e n = — o e
“ l%‘ls‘l’ n] n-l .
)1 50 o0 s bn=(7) v
b 9, 27$ Ve 3
il it X B o=m V
24 68 2n
(d)i‘i'ZE"" =T
(e) 1 1 l l 1 — (7])"+1
e 273 T35 e = .

1 if nis odd
fa=491 "

— if niseven
n




E' Definition A sequence {a, | has the limit L and we write

lim a,=L or a,—L as n—x

i)
if we can make the terms a, as close to L as we like by taking n sufficiently large.
If lim,, ... a, exists, we say the sequence converges (or is convergent). Otherwise,
we say the sequence diverges (or is divergent).

@ Theorem If lim, .- f(x) = Land f(n) = a, when n is an integer, then
lim,..a, = L.

. Inn . oo
Calculate lim ——. = Jien L‘."% =
l"\m‘uc\g " n A=
— lm Ix _ o _g.
¥ T =
I l-‘undllll.n. ﬁ - ‘.m XL —_— ‘l.m '_.:".
Mhes mvecthesd ix cimilar 1001 *\“ *‘ * ‘“ l
Show Lh:lq izjx ::} converges and find its limit.
Calitinn The functinn t
Coladust: Bion GhUeSa-t = l‘.,l,b

n4e2 @s‘- bo +&

bx¢+5
Caltglog 2 Lim Pt J\om =T
alog x'-\c Grtbngl, K40 [1X-b

< livn -6_.-

I
e

400 2"z

Show that [g} converges and find its limit.

. I
(LA & ‘ ‘N —— =z 0
¥ 40 en ;(,«, e*

5 Determine Whether a Sequence Converges or Diverges
A sequence {s,} diverges if lim s, does not exist. This can happen if
n—00
¢ there is no single number L that the terms of the sequence approach as n — oo

e lim s, =c¢
n— 0o

DEFINITION Divergence of a Sequence to Infinity
The sequence {s,} diverges to infinity, that is,
lim s, = 00
n—-oo

if, given any positive number M, there is a positive integer N so that whenevern > N,
thens, > M.



EXAMPLE 7 Determine whether the sequence a, = (—1)" is convergent i’fl\ crgcn),(\..\"l,.’, or

DIIUW LI UIC IVHUWIIE STYUTTICES UWIVEITES.

@0+ 0 higyes, .. l
(nln!l:\vn‘:n’\.q!hplnmnz:lzncn:wnr-pnr—ﬂ N 7‘.m “'*

’)0,1. °2,9,%02,+)

‘ (6] Theorem If lim |a,| = 0. then lim a, = 0.
n—% n—=%

/
- - O'
) if it exists. s =1, %’ “;,{:, z,!;,’

n
SOLUTION We first calculate the limit of the absolute value:
im [ im Lo |cm \'
n—s= n n—= g

Therefore, by Theorem 6, l o
N — =

N Gt ) S
'}me " =0 M | |

EXAMPLE 8 Evaluate lim -

[E] The sequence {r"} is convergent if —1 < r = | and divergent for all other

values of r. / fzon ) 't“'baa"“”"

if =1 <r<1

= {? ifr=1 €3\ 4 k\\.\\.l,l...-;

en V= i Lo -0
a e @)=l 5

(=1 = l‘\'¢ \‘l,l" ‘.“"""” 's

My whichone ag-bhe g ollowing Sequence)
5 Lenveigemt 1)

(@ HAery W)
ya) )k ﬂh)“k yﬁ\

In general, if we try to add the terms of an infinite sequence
{a.}i=1 we get an expression of the form

E] a;ta,+azt--+ap+-

which is called an infinite series (or just a series) and is
denoted, for short, by the symbol

.
Sa,  or  Xa
n=1

(=)
E Oq = 6140140 % oo
Nz |




< | 1 1 1 1
;:3+:+E+E+ -+;+ =1
n=l &
n Sum of first n terms
1o 0.50000000
2. 0.75000000
3. 0.87500000
4. 0.93750000
5. 0.96875000
G 0.98437500
7 0.99218750
10e 0.99902344
15 0.99996948
20° 0.99999905
25 0.99999997

Iflim,_, " s, = s exists (as a finite number), then, as in the
preceding example, we call it the sum of the infinite series

3 a,.

Definition Given aseriesXi-,a, = @ + a; + ax + -+, let s, denote its
ath partial sum:

Sa = z(h:(h +art+ o+ ae
=

If the sequence {s,} is convergent and lim,, ... 5, = s exists as a real number, then
the series = a, is called convergent and we write

G tat - ta =34 or 2(1”25
=l

The number s is called the sum of the series. If the sequence {s, } is divergent,
then the series is called divergent.

Geometuc Suwi

An important example of an infinite series is the geometric
series

&
a+§§+ar2+a,r3+---+g_‘:”-1+---=Zru"‘] a=0

. \MM

Each term is obtained from the preceding one by multiplying

)it by the common ratio r. Sa- o* O Gu:- %08 = o.q
hen@=a+a+---+a=gg—>ioo. Jeen a= © D=0
n AR
Since lim, _, . s, doesn’t exist, the geometric series_di&;ges.
in this case.
21)

If r=1, we have

s /+ + 1
S
Subtracting these equations, we get

s,—rs,=a-—ar’

a(l —r")

Sn =
1-r

0 ~eeel
lien o2 & km 6 a0
A4S 1-F oA

o

~ '-r




[4] Ihe geometric series

hal -

" el
serie‘ is divergent. ’

sum. / 0$" /
Sl 2%l ~ieee

"’2() $ - 3 _-35 w0

If | r| = 1. the geome

This secius conwnps ¥ o W13
-‘\\t Svmn Y L‘O,S

o - i‘)":u+ar+nr3+---
© 3 =
n-| 1 and its sum is
..é."ru_l:lir Irl<1
. N T
i) Y % s € \Qtw‘gg =\ aad l No’)
31«50u\~
(2] The geomeric series
“ind the sum of the ggometric series s converpeatif | r| < 1 and itssum s
S-R+F-F+- Seri-rt e

If | r| = 1. the geomeiric series is divergent.
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UGN Using a Geometric Series with a Bouncing Ball

A ball is dropped from a height of 12 m. Each time it strikes the ground, it bounces back T
to a height three-fourths the distance from which it fell. Find the total distance traveled

5 % .
|0 L212.2 4112 = &
. lI-I _hh: l .\’ \_q/_\ L\ )
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hy = ()0 llll' TI'. P\ ™ \C_(/\/
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EXAMPLE ©

Show that the(harmonic series

1s divergent.
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EXAMPLE 8 Show that the series >,

— 1s convergent, and find 1ts sum
— onn+1) -
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6| Theorem If the series >, a, is convergent, then lim a, = 0. (ve.
n=1 "
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series >, a, is divergent.

n=I

Test for Divergence If lim a, does not exist or if lim a, # 0, then the
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The Integral Test Suppose f is a continuous, positive, decreasing function on

[1, %) and let a,, = f(n). Then the series >,-, a, is convergent if and only if the
improper integral |, f(x) dx is convergent. In other words:

(1) If j Ix f(x) dx is convergent, then >, a, is convergent.

n=1|

(i) If f “f(x) dx s divergent, then X, a, is divergent.

n=1

e | .
Test the series 2 ] for convergence or divergence.
n=1
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EXAMPLE 4 The region %t enclosed by the curves y = x and y = x? is rotated about
the x-axis. Find the volume of the resulting solid.

b3

@ The volume of the solid in Figure 3, obtained by rotating about the y-axis the
region under the curve y = f(x) from a to b, is

V=J.b217xf(x)dx where 0 = a < b




Find the volume of the solid formed by revalving the region bounded by y = sin x and the x-axis from x = 0 to x = 7 about the
yeaxis.
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D=7 Lﬁf"‘) 3-—rt5 xﬂj

=7 s o<te oy S(““ ‘\‘)
o ML R

Figure 6.3.6a: Graphing a region in Example 6.3 4

. / Integration by parts. We
Vi 2, Xeinxde solve this integral in 7.1

‘his requires Integration By Parts. Set u = xand dv = sin x dx; we leave it to the reader to fill in the rest. We have:
. ®
2 [ xcosx| +/ oosxdx]
0 Jo
=21r[7z+si.nx| ]
o
:27r[7z+0]

=277 = 19,74 units®,

Find the volume of the solid obtained by rotating about the y-axis the
region between y = xand y = x’.
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Find the volume of the solid obtained by rotating about the
y-axis the region bounded by y=2x2 - x® and y = 0.

Solution:
From the sketch in Figure 6 we see that a typlcal shell has

radius x, circumference 2zx, and heigh
! ~ éj I' prgp—;
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